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Multi-lateral agents collaboration plays a crucial role in realizing collective intelligence. However, it remains con-
strained due to challenges such as capturing higher-order dependencies in dynamic interactions and imbalanced
credit assignment. In this paper, we propose the Hypergraph-based game-theoretic Interactive Value decompo-
sition Engine (HIVE). The engine employs the hypergraph-weighted Position value, a game-theoretic allocation
rule, to decompose the joint state-action value function into three components: individual state-action values, a
global coordination baseline, and a dynamic cooperation residual. To implement this theoretical decomposition
in practice, we design three neural networks to approximate these corresponding components. We further prove
that this game-theoretic allocation rule admits a marginal utility function, which guarantees payoff allocation
efficiency. And this allocation rule satisfies invariance to hyperedge-redundant payoffs. We also establish the
necessary and sufficient conditions for HIVE to satisfy the Individual-Global-Max (IGM) principle. Experimental
results show that HIVE converges consistently to optimal joint actions in matrix games and achieves an average
win rate of 87.25% across SMAC and its SMACv2 extension, outperforming state-of-the-art value decomposi-
tion methods. This demonstrates the effectiveness of HIVE in enabling balanced credit assignment and reliable

coordination.

1. Introduction

Recent years have witnessed remarkable progress in cooperative
Multi-Agent Reinforcement Learning (MARL), where the central objec-
tive is to maximize global return through distributed decision-making
mechanisms (Gorsane et al., 2022; Phan et al., 2021). This paradigm un-
derpins a wide range of critical applications, including multi-robot con-
trol (Huang et al., 2025; Moldagalieva et al., 2024; Wang et al., 2024),
autonomous driving coordination (Liu et al., 2024; Parada et al., 2025;
Wang et al., 2022a), and large-scale online games (Mai et al., 2024;
Shen et al., 2022; Ye et al., 2020). A widely adopted solution is the Cen-
tralized Training with Decentralized Execution (CTDE) framework (Su
et al.,, 2024; Zhang et al., 2024), where multi-agent value decomposi-
tion (Hu et al., 2025; Li et al., 2024d) has emerged as a representative re-
search direction. By decomposing the global O-value into agent-specific
utilities, these approaches provide actionable signals for local decision-
making.

However, collaborative decision-making among multiple agents re-
mains constrained by two fundamental challenges. First, the complexity
of multi-lateral interactions makes it difficult to capture higher-order de-

* Corresponding author.

pendencies, resulting in inaccurate characterizations of group dynamics
and hindered coordinated decision-making. Second, imbalanced credit
assignment arises when the mapping between global rewards and indi-
vidual contributions is ambiguous, leading to distorted utility evaluation
and inequitable distribution of cooperative returns.

In this paper, we propose a Hypergraph-based game-theoretic In-
teractive Value decomposition Engine (HIVE), for enabling coopera-
tion among multiple agents. As illustrated in Fig. 1, hypergraphs pro-
vide a natural way to group multiple agents into high-order structures,
while the extension to hyperedge coalitions further captures overlap-
ping and dynamic interactions. Specifically, HIVE decomposes the joint
state-action value into three components: individual state-action val-
ues, a global cooperative baseline, and dynamic coordination residu-
als. This decomposition is achieved through the hypergraph-weighted
Position value and provides a theoretically exact factorization of the
joint value function rather than an approximate decoupling. To make
this factorization operational in practice, we approximate the three
components using neural networks: an agent network, Global Base-
line Integrator (GBI), and the Dynamic Coordination Integrator (DCI).
The agent network employs recurrent neural networks to map partial
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$\Phi _{e}$


$C_e' = C_e \cup \{e\} \cup \{i\}$


$\overline {\boldsymbol {u}}_{C_e'}$


$C_e'$


$\overline {\boldsymbol {u}}$


$\overline {\boldsymbol {u}} = [\underset {u_i}{\arg \max } Q_i(\tau _i, u_i)]_{i=1}^n$


$L$


$\boldsymbol {u}^*$


\begin {equation}\label {Equ:lemma2Proof1} L = \underset {e, C_e, \boldsymbol {u}' \neq \boldsymbol {u}^*}{\min } ( \Phi _{e}(\boldsymbol {\tau }, \boldsymbol {u}^*_{C_e \cup \{e\}}) - \Phi _{e}(\boldsymbol {\tau }, \boldsymbol {u}'_{C_e \cup \{e\}}) ),\end {equation}


$\boldsymbol {u}^*_{C_e \cup \{e\}}$


$C_e \cup \{e\}$


$L > 0$


$Q_i$


\begin {equation}\label {Equ:lemma2Proof2} Q_i(\tau _i, u_i) = \begin {cases} \frac {L}{2} \cdot |\mathcal {E}| \cdot \frac {d_{i,e}}{\sum _{j \in \mathcal {N}} d_{j,e}}, & \text {if } u_i = \bm {u}_i^*, \\ 0, & \text {otherwise}, \end {cases}\end {equation}


$\bm {u}_i^*$


$i$


$\overline {\bm {u}} = \underset {\bm {u}}{\arg \max } Q_{tot}(\bm {\tau }, \bm {u})$


$Q_i \geq 0$


$\bm {u} = \bm {u}^*$


\begin {align}\label {Equ:lemma2Proof3} \tilde {\Phi }_{i,e}^{\mathcal {H}}(\bm {\tau }, \bm {u}_{C'_e}) &= \frac {d_{i,e}}{\sum _{j \in \mathcal {N}} d_{j,e}} [ \Phi _{e}(\bm {\tau }, \bm {u}_{C_e \cup \{e\}})- \frac {1}{|\mathcal {E}| \cdot \frac {d_{i,e}}{\sum _{j \in \mathcal {N}} d_{j,e}}} Q_i(\tau _i, u_i) ], \nonumber \\ &= \frac {d_{i,e}}{\sum _{j \in \mathcal {N}} d_{j,e}} [ \Phi _{e}(\bm {\tau }, \bm {u}_{C_e \cup \{e\}}) - \frac {L}{2} ], \nonumber \\ &\geq \frac {d_{i,e}}{\sum _{j \in \mathcal {N}} d_{j,e}} \Phi _{e}(\bm {\tau }, \bm {u}'_{C_e \cup \{e\}}),\end {align}


$\bm {u}' \neq \bm {u}^*$


$Q_i$


\begin {equation}\label {Equ:lemma2Proof4} \tilde {\Phi }_{i,e}^{\mathcal {H}}(\bm {\tau }, \bm {u}_{C'_e}) \leq \frac {d_{i,e}}{\sum _{j \in \mathcal {N}} d_{j,e}} \Phi _{e}(\bm {\tau }, \bm {u}_{C_e \cup \{e\}}) \leq \tilde {\Phi }_{i,e}^{\mathcal {H}}(\bm {\tau }, \bm {u}^*_{C'_e}).\end {equation}


$\bm {u} \neq \bm {u}^*$


$\bm {u}^*_{C'_e}$


$\tilde {\Phi }_{i,e}^{\mathcal {H}}(\bm {\tau }, \bm {u}_{C'_e})$


$\bm {u}_i^* = \overline {u}_i$


$\overline {u}_i = \underset {u_i}{\arg \max } Q_i(\tau _i, u_i)$


\begin {equation}\label {Equ:lemma2Proof5} \overline {\bm {u}}_{C'_e} = \bm {u}^*_{C'_e} = \underset {\bm {u}_{C'_e}}{\arg \max } \tilde {\Phi }_{i,e}^{\mathcal {H}}(\bm {\tau }, \bm {u}_{C'_e}).\end {equation}


$\Phi _{e}$


\begin {equation}\label {Equ:Theorem3Proof1} Q_{tot}(\bm {\tau }, \bm {u}) = \sum _{i \in \mathcal {N}} \sum _{e \in \mathcal {E}}\frac {d_{i,e}}{\sum _{j \in \mathcal {N}} d_{j,e}} \mathbb {E}_{C_e \sim Pr(C_e|\mathcal {E}\backslash \{e\})}[\Phi _{e}(\bm {\tau }, \bm {u}_{C_e \cup \{e\}})].\end {equation}


$Q_{tot}$


\begin {align}\label {Equ:Theorem3Proof2} Q_{tot}&(\bm {\tau }, \bm {u})\nonumber \\ &= \sum _{i \in \mathcal {N}} \sum _{e \in \mathcal {E}} \frac {d_{i,e}}{\sum _{j \in \mathcal {N}} d_{j,e}} \mathbb {E}_{C_e \sim Pr(C_e|\mathcal {E}\backslash \{e\})} \big [\Phi _{e}(\bm {\tau }, \bm {u}_{C_e \cup \{e\}})\big ], \nonumber \\ &= \sum _{i \in \mathcal {N}} \sum _{\substack {e \in \mathcal {E} \\ d_{i,e} \neq 0}} \frac {d_{i,e}}{\sum _{j \in \mathcal {N}} d_{j,e}} \mathbb {E}_{C_e \sim Pr(C_e|\mathcal {E}\backslash \{e\})} \big [\Phi _{e}(\bm {\tau }, \bm {u}_{C_e \cup \{e\}})\big ], \nonumber \\ &= \sum _{i \in \mathcal {N}} Q_i(\tau _i, u_i) \nonumber \\ & + \sum _{i \in \mathcal {N}} \sum _{\substack {e \in \mathcal {E} \\ d_{i,e} \neq 0}} \bigg [ \frac {d_{i,e}}{\sum _{j \in \mathcal {N}} d_{j,e}} \mathbb {E}_{C_e \sim Pr(C_e|\mathcal {E}\backslash \{e\})} \big [\Phi _{e}(\bm {\tau }, \bm {u}_{C_e \cup \{e\}})\big ]\nonumber \\& - \frac {1}{|\mathcal {E}|} Q_i(\tau _i, u_i) \bigg ], \nonumber \\ &= \sum _{i \in \mathcal {N}} Q_i(\tau _i, u_i) \nonumber \\ & + \sum _{i \in \mathcal {N}} \sum _{\substack {e \in \mathcal {E} \\ d_{i,e} \neq 0}} \mathbb {E}_{C_e \sim Pr(C_e|\mathcal {E}\backslash \{e\})} \bigg [ \frac {d_{i,e}}{\sum _{j \in \mathcal {N}} d_{j,e}} \nonumber \\ & \times \big [ \Phi _{e}(\bm {\tau }, \bm {u}_{C_e \cup \{e\}}) - \frac {\sum _{j \in \mathcal {N}} d_{j,e}}{|\mathcal {E}| \cdot d_{i,e}} Q_i(\tau _i, u_i) \big ] \bigg ].\end {align}


$Q_i$


$\underset {\bm {u}}{\arg \max } Q_{tot}(\bm {\tau },\bm {u}) = [\underset {u_i}{\arg \max } Q_i(\tau _i,u_i)]_{i=1}^n$


$Q_i$


\begin {align}\label {Equ:Theorem3Proof3} \tilde {\Phi }_{i,e}^{\mathcal {H}}(\bm {\tau }, \bm {u}_{C'_e}) = \frac {d_{i,e}}{\sum _{j \in \mathcal {N}} d_{j,e}} [ \Phi _{e}(\bm {\tau }, \bm {u}_{C_e \cup \{e\}}) - \frac {\sum _{i \in \mathcal {N}} d_{i,e}}{|\mathcal {E}| \cdot d_{i,e}} Q_i(\tau _i, u_i) ].\end {align}


$Q_{tot}$


\begin {align}\label {Equ:Theorem3Proof4} Q_{tot}(\bm {\tau }, \bm {u}) = \sum _{i \in \mathcal {N}} Q_i(\tau _i, u_i) + \sum _{i \in \mathcal {N}} \sum _{e \in \mathcal {E}, d_{i,e} \neq 0} \mathbb {E}_{C_e \sim Pr(C_e|\mathcal {E}\backslash \{e\})} [ \tilde {\Phi }_{i,e}^{\mathcal {H}}(\bm {\tau }, \bm {u}_{C'_e}) ].\end {align}


$\tilde {\Phi }^{\Gamma }_{i,e}(\bm {\tau }) = \max \tilde {\Phi }_{i,e}^{\mathcal {H}}(\bm {\tau }, \cdot )$


$\tilde {\Phi }_{i,e}^{\mathcal {H}}(\bm {\tau }, \bm {u}_{C'_e}) - \tilde {\Phi }^{\Gamma }_{i,e}(\bm {\tau }) \le 0$


$\bm {u} = \bm {u}^*$


$\tilde {\Phi }_{i,e}^{\mathcal {H}}(\bm {\tau }, \bm {u}_{C'_e}) - \tilde {\Phi }^{\Gamma }_{i,e}(\bm {\tau }) = 0$


$Q_{tot}$


\begin {align}\label {Equ:Theorem3Proof5} Q_{tot}(\bm {\tau }, \bm {u}) &= \sum _{i \in \mathcal {N}} Q_i(\tau _i, u_i) + \sum _{i \in \mathcal {N}} \sum _{e \in \mathcal {E}, d_{i,e} \neq 0} \tilde {\Phi }^{\Gamma }_{i,e}(\bm {\tau }) \nonumber \\ &\quad + \sum _{i \in \mathcal {N}} \sum _{e \in \mathcal {E}, d_{i,e} \neq 0} \mathbb {E}_{C_e \sim Pr(C_e|\mathcal {E}\backslash \{e\})} [ \tilde {\Phi }_{i,e}^{\mathcal {H}}(\bm {\tau }, \bm {u}_{C'_e}) - \tilde {\Phi }^{\Gamma }_{i,e}(\bm {\tau }) ].\end {align}


\begin {equation}\label {Equ:Theorem3Proof6} \tilde {\Phi }_{\Gamma ^\circ }^{C_e}(\bm {\tau }, \bm {u}_{C'_e}) = \begin {cases} 0, & \text {if } d_{i,e} = 0, \\ \tilde {\Phi }_{i,e}^{\mathcal {H}}(\bm {\tau }, \bm {u}_{C'_e}) - \tilde {\Phi }^{\Gamma }_{i,e}(\bm {\tau }), & \text {otherwise}. \end {cases}\end {equation}


$\tilde {\Phi }_{\Gamma ^\circ }^{C_e}(\bm {\tau }, \bm {u}_{C'_e}) \le 0$


$\bm {u} = \bm {u}^*$


$\tilde {\Phi }_{\Gamma ^\circ }^{C_e}(\bm {\tau }, \bm {u}_{C'_e}) = 0$


$\tilde {\Phi }_{\Gamma }^{\mathcal {H}}(\bm {\tau }) = \sum _{i \in \mathcal {N}} \sum _{e \in \mathcal {E}, d_{i,e} \neq 0} \tilde {\Phi }^{\Gamma }_{i,e}(\bm {\tau })$


$Q_{tot}$


\begin {equation}\label {Equ:Theorem3Proof7} Q_{tot}(\bm {\tau }, \bm {u}) = \sum _{i \in \mathcal {N}} Q_i(\tau _i, u_i) + \tilde {\Phi }_{\Gamma }^{\mathcal {H}}(\bm {\tau }) + \sum _{i \in \mathcal {N}} \sum _{e \in \mathcal {E}} \mathbb {E}_{C_e \sim Pr(C_e|\mathcal {E}\backslash \{e\})} [ \tilde {\Phi }_{\Gamma ^\circ }^{C_e}(\bm {\tau }, \bm {u}_{C'_e}) ].\end {equation}


$(A, A)$


$(C, C)$


$-12$


\begin {equation}\label {Equ:MatrixReward21} R(u_1, u_2) = \max \left ( 5 - \frac {(15 - u_1)^2}{9} - \frac {(5 - u_2)^2}{9}, \ \ 10 - (5 - u_1)^2 - (15 - u_2)^2 \right ).\end {equation}


$(u_1, u_2) = (5, 15)$


$(u_1, u_2) = (15, 5)$


$\gamma $


$\gamma $


$\gamma $


$\gamma $


\begin {equation}\label {Equ:Collaborative Score} \text {Score} = \frac {1}{2} \times \left (1 - \frac {I_{\text {deaths}}}{I_{\text {num}}}\right ) + \frac {1}{2} \times \frac {E_{\text {deaths}}}{E_{\text {num}}},\end {equation}


$I_{\text {deaths}}$


$E_{\text {deaths}}$


$I_{\text {num}}$


$E_{\text {num}}$


$(C,C)$


$(A,A)$


$(A,A)$


$Q_{tot}\approx 8.00$


$7.98$


$8.00$


$8.15$


$7.99$


$Q_{tot}$


$(C, C)$


$\times 10^4$


$Q$


$19.08$


$2.84$


$\pm $


$\pm $


$47.3\pm 4.6$


$36.3\pm 3.7$


$41.3\pm 4.1$


$54.3\pm 5.4$


$46.7\pm 4.7$


$m$


$m$


$m$
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$m$
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$m$


$\gamma $


$\gamma $


$\gamma $


$\gamma $


$\gamma $


$\gamma \ge 0.8$
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$\gamma =0.4$


$\gamma $


$\gamma $


$\gamma $
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$K$
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$K$
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Fig. 1. The left part illustrates a hypergraph consisting of three hyperedges,
which connect nodes (A, B), (C, D), and (E), respectively. The right part presents
the corresponding hyper-edge coalition structure, where each hyperedge can
form an individual coalition, and exemplary pairwise combinations of hyper-
edges along with their associated adjacency matrix are also shown.

observations into individual state-action values. Since both GBI and DCI
rely on structured representations of multi-agent interactions, we in-
troduce an attention-driven hypergraph constructor, which transforms
agents’ partial observations and action histories into dynamic hyper-
graph topologies. Subsequently, GBI takes the hypergraph topology to-
gether with the joint action-observation history as input to generate
the global coordination baseline, thereby assessing the overall situation.
Meanwhile, DCI samples hyperedge coalitions via a Monte Carlo sampler
and applies a corrected marginal contribution estimator to approximate
the dynamic cooperative residual.
The main contributions of this work are as follows:

1) We introduce HIVE, a value decomposition framework grounded in

the hypergraph-weighted Position value, which rigorously decom-

poses the joint Q-value into individual state-action values, a global
baseline, and a cooperative residual.

We design two neural modules (GBI and DCI) for scalable approxi-

mation of the global cooperative baseline and dynamic cooperation

residual, with an attention-driven hypergraph constructor that cap-
tures high-order interactions.

3) We derive the hypergraph-weighted Position value to ensure pay-
off invariance even under redundant hyperedges, which admits a
marginal utility function guaranteeing payoff allocation efficiency.
Its necessary and sufficient conditions are proved theoretically to
satisfy the IGM principle.

2

—

2. Related work

In this section, we provide a concise review of three key enabling
technologies relevant to our investigation: value decomposition meth-
ods, graph network approaches, and game-theoretic approaches.

2.1. Value decomposition methods

Value decomposition constitutes a pivotal research direction in
MARL, demonstrating remarkable advantages in addressing the credit
assignment problem inherent in multi-agent collaborative systems (Li
et al., 2022; Liu et al., 2025). Sunehag et al. proposed representing the
global value Q,,, as a straightforward summation of individual agents’
QO-values (Sunehag et al., 2018). However, this approach relies on a strict
additivity assumption. Rashid et al. introduced a framework that esti-
mates Q,,, through monotonic nonlinear combinations of individual Q;
values to address this limitation (Rashid et al., 2020b). Subsequently,
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numerous variants of the QMIX approach have emerged, including W-
QMIX (Rashid et al., 2020a), QTRAN (Son et al., 2019), and Trans-
fQMix (Gallici et al., 2023). Li et al. developed an optimistic teacher
model to guide value decomposition, which refines the global action-
value function by predicting optimal joint actions (Li et al., 2024a). Al-
though existing methods have made progress in value decomposition,
they remain limited by structural constraints, which render the decom-
position merely sufficient. Therefore, exploring a general decomposition
framework that characterizes both necessary and sufficient conditions
for value function decomposability remains a promising direction for
further research.

2.2. Graph network approaches

Graph Neural Networks (GNNs) have achieved substantial progress
in relational modeling, offering novel perspectives for MARL by repre-
senting multi-agent relationships as graph structures (Goeckner et al.,
2024; Naderializadeh et al., 2020; Zhang et al., 2025b). Bai et al. pi-
oneered the modeling of agents and their interactions through hyper-
graph structures, employing hypergraph convolutional neural networks
for spatial transformation to address the “lazy agent” problem (Bai et al.,
2022). Using hypergraph representations, Zhu et al. developed a com-
munication modeling framework that enhances accuracy and specificity
in multi-agent information exchange (Zhu et al., 2024). Zhang et al.
propose IESCG, which leverages influence networks to construct sparse
time-varying coordination graphs and incorporates recurrent payoff net-
works with sparse advantage coefficients to enhance coordination sta-
bility in MARL (Zhang et al., 2025a). Wei et al. proposed a graph atten-
tion neural network-based value decomposition method, theoretically
proving its compliance with decomposability conditions during central-
ized training processes (Wei et al., 2024). Furthermore, Zhang et al.
propose a hypergraph-based MARL method that adaptively builds agent
interaction hypergraphs and uses hypergraph convolution for efficient
cooperative policy learning (Zhang et al., 2022).

2.3. Game-theoretic approaches

Cooperative game theory represents a pivotal research direction
in MARL, offering formal mechanisms for analyzing strategic inter-
actions among rational agents (He et al.,, 2024). Nie et al. devel-
oped the Stackelberg-Nash Multi-Agent Proximal Policy Optimization
algorithm, which addresses temporal coordination challenges in con-
ventional demand response frameworks by establishing hierarchical
decision-making protocols (Nie et al., 2024). Peters et al. proposed a
contingency game theory approach that enables dynamic adjustment
of critical temporal parameters, allowing agents to formulate strate-
gies based on multiple potential intentions while adapting to real-time
environmental fluctuations (Peters et al., 2024). Building upon this
foundation, Wang et al. introduced a Shapley Q-value-based local re-
ward allocation mechanism that more accurately reflects individual
agents’ actual contributions compared to traditional global reward shar-
ing schemes (Wang et al., 2020). Furthermore, Wang et al. established
an interpretable value decomposition framework grounded in cooper-
ative game theory, successfully extending Shapley value principles to
Markov convex games through rigorous theoretical derivations (Wang
et al., 2022b).

3. Preliminaries

In this section, we provide an introduction to important background
knowledge and some necessary definitions. The main notation used
throughout the paper is summarized in Table 1.

3.1. Problem formulation

Cooperative MARL tasks are
centralized partially observable

typically formalized as de-
Markov decision processes
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Table 1
Summary of main notations.

Notation Description

coalition

expected value

hyperedge set

hyperedge

hypergraph

the set of all agents

the partial observation of agent i
the state transition function

the hypergraph-weight Position value
the reward function

the real number field

the state space

the action space

the action selected by agent i

the joint actions

the utility (characteristic) function of coalition
discount factor

the parameters of the networks

the strategy

the joint strategy
action-observation history

the joint action-observation history

SLEITSS TS mmA
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(Dec-POMDPs) (Oliehoek et al.,, 2008), defined by the tuple
(N,S, U, P,r,0,y). Here, N'={1,...,n} denotes the set of agents,
s € S is the finite global state, U" denotes the joint action space, namely
the set of all possible combinations of the agents’ individual actions.
P:SXU — A(S) is the state transition function, r: SXU — R
is the reward function, © is the observation space, and y € (0,1] is
the discount factor. At each timestep, agent i € N selects an action
u; according to its individual action-observation history z; through
policy z;(u;|7;). The joint action u = {u,...,u,} represents one specific
combination of the agents’ actions, i.e., an element of the joint action
space U, and it induces a state transition P(s’|s,u), updating the envi-
ronment state from s to s’. Each agent then receives a new observation
o/ and updates its history as 7] = 7; U {0/, u;} for future decisions. The
objective is to learn an optimal joint policy = that maximizes the joint
state-action value function:

Ot u) = [E”[Zy’rtﬂ r,u], D
=0

where 7 denotes the joint action-observation history and the expectation
is taken under policy =.

3.2. Value decomposition

The objective of value decomposition methods under the CTDE
paradigm is to learn a joint action-value function Q,,,(z, u). To enable de-
centralized execution, Q,,, must be decomposed into individual action-
value functions [Q,.(r,-,u,.)]l’,'zl, as shown in Eq. (2).

Q1o (t, ) = F(Qy (71, uy)s ..., @ (T, 1)), (2)

where F(-) denotes the value decomposition function. To ensure con-
sistency between joint and individual policies, the IGM principle must
be satisfied (Son et al., 2019), which serves as a necessary condition
for valid value decomposition. Formally, for a joint action-value func-
tion Q,,(z, ), if there exist n independent utility functions [Q;(z;, u)]"_,
satisfying:

argmax Q,,,(t,u) = (argmax Q,(zy,uy), ... ,argmax Q,(z,, u,)), 3)
u

uy Uy

then [Q;(z;, u)]"_, satisfies the IGM principle with respect to Q,,, under
7. In this case, we also say that Q,,(t, u) is factorized by [Q;(z;, “i)]:;l'
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3.3. Definitions

In this section, we provide the relevant definitions to this research.

Definition 1. [Allocation Efficiency] Let v : 2V _ R be the character-
istic function of a cooperative game. A payoff vector ¢ = (¢,),c satisfies
allocation validity if it fulfills Eq. (4).

D i = v, @
ieN

where N represents the grand coalition (all agents), and v(-) denotes
the coalition utility (characteristic) function in a standard cooperative
game, which maps any coalition to its total achievable utility.

Definition 2. [Redundant Hyperedge] Let H = (N, €) be a hypergraph
and C = (N, &) C H be any sub-hypergraph. A hyperedge e € & is
called redundant in C if there exists e such that Eq. (5) holds:

f(©)=f(C\e), ()

where f : 2" - R is a function measuring hypergraph properties, and
C\ e :=(Ng, & \ {e}) denotes the sub-hypergraph with e removed.

Definition 3. [Hyperedge Redundancy Payoff Invariance] Let a hyper-
graph cooperative game be defined by a characteristic function v : 2" —
R with H = (W, €). An allocation rule ¢ : H — RV satisfies hyperedge
redundancy payoff invariance if for any redundant hyperedge ¢ € £ and
all agents i € N, Eq. (6) holds:

¢;(H) = ¢;(H \ o). (6)
4. Methodology

In this section, we introduce the HIVE model. First, we present the
hypergraph-weighted Position value game theory, and then use this
game theory to decompose the joint state-action value Q,, into the
individual state-action value Q;, the global collaborative baseline &)171 s

and the dynamic cooperative residual &)?j . These components are sub-
sequently instantiated through three neural modules, namely the agent
network, the global baseline integrator (GBI), and the dynamic coor-
dination integrator (DCI), which correspond to the individual values,
the global baseline, and the cooperative residual, together forming an
implementable architecture.

4.1. Hypergraph-weighted position value

To explicitly model high-order agent interactions and achieve pre-
cise value decomposition, we propose the hypergraph-weighted Position
value P*(z,u), as defined in Eq. (7). In contrast to the classical Posi-
tion Value, which equally distributes coalition payoffs among partici-
pants on each edge, hypergraph-weighted Position value incorporates a
degree-based weighting mechanism to capture the heterogeneous roles
of agents in multi-lateral collaborations. Here, the weight d; , quantifies
the relative involvement of agent i in hyperedge e, reflecting the intu-
ition that agents participating in more hyperedges have greater struc-
tural capacity for collaboration. Accordingly, the marginal utility ®, of

a hyperedge is allocated proportionally to T
ZjEN' dj.e
PH(r.u)= ) E e o ug ) @
i (Tu) = Co~PHC,|E U, ’
i = r(C|E\{e}) Zjej\/ dj,e e c.Ufe}

where H = (N, €) denotes the hypergraph consisting of all agents, N is
the agent (node) set, £ is the hyperedge set, C denotes a coalition whose
participants are hyperedges, and C, C H indicates a coalition excluding
hyperedge e, d; , is the weight of hyperedge e with respect to agent i, and
@,(, u,, ) denotes the marginal utility of hyperedge e to coalition C,.

Theorem 1. For any hypergraph structure H = (N, E), there exists a
marginal utility function ® such that the hypergraph-weighted Position value
PH(z,u) satisfies the allocation validity criterion. Moreover, P"(z,u) pre-
serves the payoff invariance property under redundant hyperedges.
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According to Definitions 1 and 3, Theorem 1 ensures that the joint
state-action value function can be decomposed in additive form as:

Ot u) = Y Pl(z,u), ®
ieN

while guaranteeing that the decomposition remains correct even in the

presence of redundant hyperedges.

4.2. Value decomposition

For a given joint action-observation history z, Theorem 1 formally
establishes the additive decomposition of the joint state-action value
function Q,,, via the hypergraph-weighted Position value, as shown in
Eq. (8). Since the hypergraph-weighted Position value remains implicit
and cannot be directly computed in practice, we further decompose it.
Theorem 2 presents this decomposition, which expresses Q,,, in terms
of individual state-action values [Qi]:’zl, a global coordination baseline,
and a dynamic cooperation residual, as shown in Eq. (9).

Theorem 2. A joint state-action value function

= = C,
Qu(mw) = Y, Qe + B+ ¥ ¥ Ec,oprcenien| O ucy)].
ieN iEN ee€

()
is factorized by [Qi(Tivui)],’-l:]) provided that @gs(r, uc;) <0 and
égg(r,ﬁq) =0, where C,=C,U({e}u{i} denotes the corresponding
extended coalition, and uc; % {argmax,, Q;(z;u;)},_ . is the joint greedy
action induced by the individual action-value functions.

Theorem 2 indicates that if the residual terms satisfy &)?5 (t, uce’) <0

and <i>f§ (r.u¢cy) = 0, then any Q,,, of the form in Eq. (9) admits a greedy
factorization by the individual utilities [Qi(ri’”i)]:;l’ and hence satis-
fies the IGM principle. Intuitively, these constraints act as a canonical
normalization for enforcing IGM: the residual never increases the value
of any non-greedy joint action and vanishes at the joint greedy action
induced by {arg max, Q;(;,u;)}. Importantly, since this constraint is im-
posed only on the residual as an argmax-consistency correction, it does

not reduce the representational capacity of the overall model.

Theorem 3. For any joint state-action value function Q,,,(t, u), there exist
individual state-action functions [Q;(z;,up)l;_, satisfying the IGM principle
such that Eq. (9) holds, with <T>$§ (t,ucr) <0 and J)ﬁ: (z,ucr) = 0.

Theorem 3 establishes the necessary condition: for any Q,,, if the
IGM principle holds, then there always exists a decomposition of the
form in Eq. (9) that preserves full equivalence between its optimal pol-
icy and that induced by the individual functions [Q,-]:': . The detailed
proof is provided in Section 4.6.3, where we explicitly demonstrate the
decomposition procedure of Eq. (9).

Theorems 2 and 3 establish the sufficiency and necessity of the pro-
posed decomposition form in Eq. (9) with respect to the IGM princi-
ple, characterizing a complete equivalence between this decomposition
family and the IGM principle. Crucially, while this equivalence is es-
tablished via the specific hypergraph-based structure, Theorem 3 guar-
antees that this framework is functionally universal for the IGM class.
Since any joint action-value function satisfying the IGM principle neces-
sarily admits such a decomposition, the structural constraints in Eq. (9)
are not arbitrary or restrictive assumptions, but rather the mathematical
equivalent conditions required to represent the IGM principle in a linear
decomposition form.

4.3. Neural networks

Fig. 2 illustrates the overall architecture of the HIVE model. The
individual components [Q;(z;, ”i)]7=| are implemented as recurrent neu-
ral networks (RNNs) with GRUs (Chung et al., 2014), consistent with
QMIX (Rashid et al., 2020b). The global coordination baseline 6171 and
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the dynamic cooperation residual égg are approximated by two dedi-
cated neural modules: the Global Baseline Integrator (GBI) and the Dy-
namic Coordination Integrator (DCI).

Since both GBI and DCI depend on the underlying interaction topol-
ogy, we propose an Attention-driven Hypergraph Constructor (AHC) to
capture high-order dependencies among agents effectively. Unlike con-
ventional graph-based approaches that only consider pairwise relations,
AHC leverages the hypergraph structure H = (N, £) to explicitly encode
multi-lateral dependencies. Specifically, it takes as input each agent’s
partial observation and historical actions, embeds them into latent fea-
ture representations, and applies an attention mechanism to adaptively
measure inter-agent relevance in the learned latent space, which cap-
tures collaborative relevance or coupling strength rather than physical
similarity in the raw observation space. The detailed procedure of AHC
is summarized in Algorithm 1. It is worth noting that y and m in Algo-
rithm 1 play orthogonal roles. The threshold y controls the selectivity
of hyperedge acceptance and thus the hypergraph sparsity, whereas m
sets the sampling budget for proposing hyperedges, mainly determining
interaction coverage and computational complexity.

GBI. We design a dual-stream feature extraction architecture. One
stream models high-order relationships in the collaborative topology H
through hypergraph convolutional layers (HGCN), while the other an-
alyzes latent patterns in the joint action-observation history 7’ using
multi-layer perceptrons (MLP). The dependence on 7 arises naturally
in the proof of Theorem 3 (Section 4.6.3), where a baseline term de-
pending solely on t emerges, thus motivating this design choice. The
heterogeneous feature spaces are first merged through nonlinear cross-
integration and then mapped by an MLP to the global collaborative base-
line space, as formalized in Eq. (10):

O = Fy(F, (H) @ F,(v)), (10

where Fp() denotes MLP, F,, () represents HGCN, and @ indicates fea-
ture merging operations.

Algorithm 1 Attention-driven hypergraph constructor (AHC).

Require: Partial observations {of.}j':l, historical actions {uf.‘1 Yo, simi-
larity threshold y, number of hyperedges m
Ensure: Hypergraph H = (N, &)

1: x; « [o;,ufl]; >Concatenate each agent’s input
2 hy < fene(x)); > Encode inputs into latent representations
3: for each agenti € N do
4 o = exp(score(h,-,h/)) .

LJ Yoy exp(score(h; hy))’
5 < X ah

6: end for
7: Initialize hyperedge set: € < §;
8: for r =1tomdo
9: i, ~ Uniform(N)

10: foreachje N,j+#i, do
« sim(h, ,h;)

i > compute similarity

S
12: end for

13: -/\/‘,‘r <« {Jjl Sij > 7}
14: e, < {i,}JUN,

15: €« EUfe,}

16: end for

17: H = (N, &);

18: return H

> select neighbors

DCI. We first employ a Monte Carlo Sampler (MCS) to sample hy-
peredges and construct hyperedge coalitions, as defined in Eq. (11):

IC (€ - 1C.| = D!

C,~P, ,
¢ €l

P(C,) = (11D
where C, denotes a hyperedge coalition, P is the coalition distribution,

and P(C,) is its probability.
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Fig. 2. Overall architecture of the HIVE model. Q,,, is decomposed into Q;, ®}, and CT)IG , approximated by the Agent, GBI, and DCI modules to ensure IGM consistency.
Here, AHC denotes the Attention-driven Hypergraph Constructor, MCS the Monte Carlo Sampler, CMCE the Corrected Marginal Contribution Estimator, HGCN the

Hypergraph Convolutional Network, and HyperNet the Hypernetwork.
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Fig. 3. Structure diagram of CMCE. MCS samples hyperedge coalitions, which
are encoded by HGCN and processed by MLP-based hypernetworks, and the
outputs are further shaped with a negative ReLU function to form the dynamic
cooperative residual.

Following this sampling process, we estimate the marginal corrected
utility for each hyperedge using the Corrected Marginal Contribution
Estimator (CMCE) (Fig. 3). CMCE consists of two components: (i) a hy-
pergraph convolutional network (HGCN) that encodes high-order de-
pendencies among agents, and (ii) a hypernetwork structure, analogous
to that used in QMIX (Rashid et al., 2020b), enabling effective approxi-
mation of the dynamic cooperative residual <i>l€§ .

To satisfy the constraints in Theorem 2, the residual is explicitly con-
structed to enforce both conditions. As shown in Eq. (12), when coali-
tion C! selects the joint greedy action uc induced by the individual

. . . . . 2Co  —
action-value functions, the residual is set to zero, i.e., ®¢ (r,ucg) =0.
For any non-greedy joint action ucs #ucr, a negative ReLU activation

= C
guarantees @ (z, “ce’) <0:

(i)g: _ 0, uC(( =?C£ (12)
~ReLU(-F,(Qc, (tc, e, ). Ot ), ey # iy

where 7,(-) denotes the hypernetwork, and Oc, (¢, . uc,) is computed by
the HGCN F, () as given in Eq. (13):

Qc,(1c, uc,) =F,(C,, [Qiliec,)- (13)

Algorithm 2 Dynamic coordination integrator (DCI).

Require: Hypergraph H = (N, &), individual action-value functions
{Q,(t;,u;)};en, number of Monte Carlo samples K, coalition distri-
bution P

Ensure: Dynamic cooperative residuals {éﬁs Ye,ce

1: for k=1to K do

2:  Sample hyperedge coalition C¥ ~ P by Eq. (11);
3: Qek(ter,uck) < Eq. (13);

4: endfor =~

5: ®¢ « Eq. (12);

6: return égg

4.4. Model training

The complete training process of HIVE is concisely outlined in
Algorithm 3, where the algorithm takes partial observations as input
and learns robust collective policies.

4.5. Complexity analysis

4.5.1. Space complexity

The space complexity of HIVE’s training process is mainly deter-
mined by the learning parameters of the hypernetwork (mixer), the self-
gating layer in the marginal utility computation, and the intermediate
tensors generated during DCI calculation. Let B denote the batch size,
T the episode length, N the number of agents, E the number of hyper-
edges, S the sampling number of hyperedge coalitions, D, the global
state dimension, D, the observation dimension, and D, the hidden di-
mension of the hypernetwork. The basic feature storage consists of the
observation matrix H € RV*P and the hypergraph adjacency matrix
G € RM*E_ In terms of parameters, the largest component is the hyper-
network with size RPs*NEDx while the gating layers RP-*Po and other
linear layers contribute relatively little. For intermediate tensors, the
dominant memory cost arises from DCI, whose scale is approximately
BTSN ED,,. Therefore, the overall space complexity of HIVE can be ap-
proximated as O(BT SN ED,, + DN ED,,). Since BT.S > D, in practice,
the complexity reduces to O(BT SN E D) and the memory requirements
remain moderate under typical experimental settings.

4.5.2. Time complexity
The time complexity of HIVE’s training process mainly arises
from three components: hypergraph construction, marginal utility
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Algorithm 3 Training of HIVE.

Require: n=|N'|, number of hyperedge E, Hyper-parameters
€, episode, Adam hyper-parameters f,, f,, f.
Ensure: Parameters 6 of the trained HIVE model.
1: Initialize the reply buffer B;
2: Initialize the parameter 6 of HIVE;
3: Initialize target parameters 6~ « 6;
4: for epi = 1 to episode do

5 Observe initial state s° and observation [00]:'= . for each agent i;
6: fort=1toT do
7: Get [Qﬁ(r[’, u;)],f'zl by Agent network;
8 With e_greedy policy select action:
, random action, with probability e
u. =
! arg max,, Q;(T;, u;), otherwise
9: Take action u' = [uj]:’:l, and retrieve next observation and re-
ward r';
10: Store transition {z',u’, ', 7"} in B;
11: end for

12: Sample a minibatch of data with batch size B from 5;
13: while each sampled batch do

14: H « Algorithm 1;

15: Get [Q;(z;, u)]_ by Agent network for each agent;
16: @/ — GBI,

17: @ Algorithm 2;

18: 0,,; < Eq. (9);

19: Yo« r + ymaxu;Qm,(r’, u';07);

20: Ly 3 zb:] [V = Qo (T, u: 0)1%

21: 0 «— Adam(Ly, By, B>, £3);

22: Periodically update target network parameters 0~ « 0;

23:  end while

24: end for

25: Output 0 > HIVE model parameters

aggregation, and the DCI module. For hypergraph construction, lo-
cal observations are first encoded by a multi-head attention mecha-
nism with complexity O(BN Dg), after which pairwise similarity is com-
puted between agents, neighbors are selected according to a thresh-
old y, and hyperedges are dynamically updated. This procedure intro-
duces an additional complexity of O(BN?D,). For marginal utility ag-
gregation, local Q-values are propagated through the hypergraph ad-
jacency matrix, requiring O(BSE?N) operations. In the DCI module,
the global state (BT'.SD,) is mapped by a hypernetwork to constraint
terms (BTSN ED,), resulting in O(BT SD;N ED;) complexity, while
the state-to-weight mapping and subsequent aggregation with local Q-
values incur additional costs of order O(BT S D,D,,) and O(BT SN ED,,),
respectively. Therefore, the overall time complexity of HIVE can be ap-
proximated as O(BT SD,N ED,). Since B, T, and .S are usually moder-
ate in practical settings, and N task-specific constraints bound and E,
the computational overhead remains manageable despite the quadratic
term in hypergraph construction.

4.6. Theoretical Proof

In this section, we provide the proofs of theorems.
4.6.1. Proof of Theorem 1
First, we prove the existence theorem of allocative efficiency.

Proof. To establish validity, we prove the existence of a marginal utility
function ®, satisfying Eq. (14).

PH(x,
Zl(ru) ZZZJENd

ieN iEN e€E

er(fv u) =

C,~Pr(C,|E\{e

(14)

))[d>g(15 uceu(g))],
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where C, C H denote the coalition of hyperedges that excludes hyper-
edge e, where M represents the hypergraph encompassing all agents
(the grand coalition). According to the definition of the Shapley value
(Li et al., 2024b), the derivation for any given z and u is as follows:

di e
iEN e€E ZjeN dje
_ d[ e

= Z—[EC ~Pr(C,|E\(e
iEN e€€ ~jEN dje

Ec,~pric,1e\(enPe(T: Uc,ue))]s

eplo(Ce U fe}) = u(C,)],

d;
= —Sh L(0),
1§/‘c§‘) ZJGN
Y e ~Sho(v)
= _ v
ee€ieN ZJEN
=) Sh,(), 1s)
ee&

where Sh, is the Shapley value of hyperedges. For any = and u, we can
find a characteristic function v satisfying:

Ooi(T, 1), (16)

where @ denotes the empty coalition. Substituting Eq. (16) into Eq. (15)
yields the following expression:

Z Sh,(v) = v(H) = v(#) = Q,y(7, ). a7

eeé

v(@) =0,0(H) =

Thus, there exists a marginal utility function such that the
hypergraph-weighted Position value exhibits allocation validity. In fact,
Eq. (17) is exactly the condition required in Definition 1, hence the
claim follows. O

Then, we prove the hyperedge redundancy payoff invariance.

Proof. Let ¢’ be a redundant hyperedge with respect to the characteris-
tic function v. By Definition 2, for any coalition C C &, we have v(C) =
v(C \ ). Consequently, the Shapley value of ¢ satisfies Sh,/(v) = 0. The
Position value under the reduced hypergraph H \ ¢’ can be derived as
follows:

d

H\e ie

(t,u) = v,, (18)

ecé\e! z:jeN dje
where we introduce the auxiliary terms
ICliEl = 1C] = D!
€] ’
A (C) =v(C U {e}) —v(C), (20)
A, (C)=v(CuUfee})—v(C\ (D). @n

a(C) = 19

Then the inner summation can be simplified step by step:

y, = Z ICI!(|5|—1—IC|—1)!Ae’e/(c)

CCH\{e.e'} (€1 =1t

.y lawe-ia-a, o

cobtowy  UEI=D!

€]
= ) o a(C)A0)
et oy 1EI=1CT =1

_ Cl+1
= 2 (1 * e
CCH\ (e}

- 3

CCH\{e,e'}

)a(©),(C)

aC)AO)+ Y a(Cule

CCH\{e,e'}

D AO). (22)

Finally, we obtain

Y= Y aO)A0), (23)

(e}

d;,
(t,u) = Z m Sh,(v). 24

ee€\e’

H\e
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Given Sh, (v) = 0, we obtain:

P\ Sh,(v)

(t.u) =
eeé’\e’ EIEN dle

d;
=y <—2—Sh,)
ggzg Zze/\/ dl e
= PH(z,u). (25)

Hence, by Definition 3, the hypergraph-weighted Position value ex-
hibits redundant hyperedge payoff invariance.
O

4.6.2. Proof of Theorem 2

Proof. Since ® e(rc uc, ) <0, Eq. (26) holds.
Ot w) < Y 0y(z,u) + Bl (7),
ieN

< Y 0,z i) + B (o).
ieN

(26)

Additionally, since (D (T, uCr) =0, Eq. (27) holds.

Y 0z u) + Bl (r) =

ieN ieN IEN e€€
= Qy(7,0). 27)
Combining Egs. (26) and (27), the following expression is obtained:
Oy (T,u) < Q4 (7, ), (28)
Thus, it follows that argmaxQ,,(r,u)=u, where u=

u
[arg max Q;(z;, u,-)];‘zl. The proof of the theorem is complete. [
Ui

4.6.3. Proof of Theorem 3
Before proving Theorem 3, we first present two lemmas.

Lemma 1. Let the hypergraph H = (N, £) be given. For any coalition of
hyperedges C, that does not contain hyperedge e, a history trajectory t, and
a joint action u, there exists a marginal utility function ®,(z,uc,.y) that
satisfies the allocation validity of the hypergraph-weighted Position value and
ensures that Eq. (29) holds:

Ue,upe) = 218 H(‘a)xq’e(f’ Uc,ufe)): 29
CeUfe
where u* C.ute denotes the action of the global optimal u* after removing the

actions of agents not in the coalition C, U {e}, with u* = argmaxQ,,,(t, u)
u
representing the global optimal action.

Proof. Given any 7 and u, we construct the following characteristic
function v(C):

|C|

ue= B

max[Q,, (7, uc, u’_ )] — —rmaxQ,,(z,u),  (30)

ma}wa,(r, )+
u
-c

where the notation —C represents the set of agents not in the coalition

C. Thus, the marginal utility function can be expressed as Eq. (31).

@, (7, "q,u{e}) =0v(C, U {e}) — v(C,),

=  max [OQ/i(T, Uc,u(e)> U
—<Ceuu)>

Zcuten)]

!
E}ix[Q"”(T’ uc, u_c )l
—Le

+ Lmame,(f, u). (31

|E] w
Furthermore, this characteristic function ensures that Eq. (32) holds,
and therefore, the characteristic function v(C,) satisfies the allocation
validity (Theorem 1).

v(#) = maxQ(r, u') - maxQ(t, u)+0=0,

> 0w u) + @@+ Y Y B p [Pz U],
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v(H) = Q,,,(t,u) — maxQ(r,u’) + 1 - maxQ(z,u’)
u u
= Q,p(7, ). (32)
Note that max [Qyy (7, uc (e} ¥ (Cc,u(e)))] < I:?ax[Qtot(T’uCe’"/_cg)]

—(Ce (e)) —Ce

always holds, and when u = u*, Eq. (33) holds:

,max (O (T,ug () _(C ol = max{Qm(r uc, ul Le )1 = ooz, u").
_(CcU(El) “-c,

(33)

From this, it follows that when uc :uauw, (T, uc,y(e})

reaches its maximum value, which is émame,(r, u). Hence, The proof
u
of the lemma is complete. [

Lemma 2. Given a hypergraph H = (N, £) and a history trajectory z, there
exists a individual state-action value function Q;. When d;, # 0, its local
optimal action u; satisfies:

=arg maxQ,o,(r u),uc = argmaxd) (T ucr), (34)

MC/

Z/:Nd [d) (T uC U{e)) Z|’;‘|A:1 ”Q (‘L’,,u )], (I) de-

notes the marginal utility function, and C, = C, U {e} U {i}. u ucy represents
the action set of the agents in the hyperedge coalition C! when all agents
choose the local optimal action u, with u = [arg maxQ,(z;, u[)]l’_’=1.

uj

HH
where @, (t,uc)) =

Proof. First, we define the minimum coalition reward difference L for
the global optimal action u*:

!
L= ecmul/]; (@ (7, ug, ute) Y- (be(f’uceu(e)))’ (35)
where u Cute) denotes the action of coalition C, U {e} when the global

optimal action is taken. By Lemma 1, the minimum coalition reward
difference L > 0. Next, we construct the individual state-action value
function Q;:

die
Yien die’

il

“1E]- ifu, = u?,

07, u;) (36)

L

otherwise,

where u! denotes the action of agent i when the global optimal action
is taken. Clearly, this individual state-action value function satisfies u =
argmaxQ,,(t,u) and Q; > 0.

u

When u = u*, we have:

X 1
&z ucr) = — (D7, e upe)) 0i(z;,u)),
ieN %), El  =—1—
/€ e | | Zjel\/ djve
L
= o——[®(t.uc ype) — =1
Eje./\/ d/}e ¢ eutel 2
e g ) @7)
_ —_ T, u
ZJGN J.e te)

where u’ # u*. Since the individual state-action value function Q; is non-
negative, Eq. (38) holds when u # u*.

di
D, (7, Uc,ye) )<q> ‘(z, uc,) (38)

Z/GN dje

*
Therefore, u %

HH
(Di,e(r’ uce’) <

is the optimal action for é?’fg(r, ucé). When the individ-

ual state-action \;alue function satisfies Eq. (36), it is clear that ul =1y
holds, where u; = arg maxQ;(z;,4;). Thus, Eq. (39) holds:
uj

uc =u, 39

C,

e

= arg max@ﬁe(r, ucr).
ucf
4

The proof of the lemma is complete. [
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Proof of Theorem 3:
Proof. By Lemma 1, there exists a marginal utility function ®,, such
that Eq. (40) holds.

Qy(t.u) = DID(T e o)l (40)

DD Z,eN 7. 5 Ec~Pric,le\ie

iEN eeE

Therefore, the joint state-action value function Q,, can be decom-
posed as follows:

Oro(T,0)
di,e
= 2 2 51 Ecrrrcienien [T ue )]
iex oct e e

d
- iezj\:/ eezé‘ ZJEN d/'qf

ie

= Z Q,‘(T,wui)

ieN

+ ZN zé [Z/ET ComPr(CIEN e [ Pe (T te,ue))]
i€ €€,

1
- in(Tp ui)] B

= D, Qimu)

ieN

+2 2 [ECe~Pr(Ce|é’\{e))[Z

iEN e€E JEN dj.e
d,’e;é()

ie

ComprC,1e\ (e [ Pe (T e uie))]

d

ie

Zjej\f dj,e

X (@, (7, uc,ye)) — 1€l-d

N ,)]] (“4D

According to Lemma 2, there exists a set of individual state-
action value functions Q; such that the locally optimal actions satisfy
argmaxQ,m(r u) = [argmaxQ (7, u)]” Jp Therefore, when Q; satisfies the

condltlons in Lemma 2 Eq. (41) follows the IGM principle. For ease of
exposition, we define the following function:

ZIEN ie

=3 _
q)i,e(r’ uCc’) - |€|

(@e(r.uc,ope) = o 0 Q) (42)

Z jEN dj,e
Thus, Q,,, can be rewritten in the form of Eq. (43):

QT w) =Y Oiru)+ Y D Ecprc,ienen®lL(t,uc)l. (43)
ieN IEN e€€.,d; ,#0

Next, we define a new function ® (r)=max®(r,.). Clearly,
oM (x, ucr) = @ () <0, and when u = u*, by Lemma 2, we derive that

@/ (z,ucr) — @, (7) = 0. We then rewrite Q,,, as follows:

OQu(m.u)= Y Oru)+ Y, Y & (1)
ieN IEN e€E.,d; ,#0
2 Y Ecercieven®imuc) ~d @] (44)

iEN e€€ d; ,#0
Let
; 0, ifd,, =0,
d(rue) =1 ) o= (45)
e q’,ﬂe(fvuc;)—‘l’[re(f)» otherwise.

Then, <D $(z,ucr) <0, and when u=u* Cﬁgj(r, ucr) = 0. Define
ol (r) = Z,.GN Yece.d; 20 P, (7). Thus, O, can be written as:

z Q;(t;,uy) + d’?(f) + Z Z [EceNPr(cew\(e))[‘i)lgﬁ (, uce’)]'
ieN ieN e€€

er(fv u) =

(46)

The proof of the theorem is complete. [
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5. Experiments

To evaluate the performance of HIVE, we validate it across a spec-
trum of MARL benchmarks, from fundamental games to large-scale
cooperative tasks, demonstrating consistent advantages over state-of-
the-art baselines. We further conduct ablation studies on both model
components and hyperedge configurations to quantify their respective
contributions. The source code of our method is publicly available at
https://github.com/ACoTAI/HIVE.

5.1. Experimental platforms

We evaluated our algorithm on two widely used benchmark plat-
forms: matrix games (Hu et al., 2025), where we also consider extended
settings with more agents and larger action spaces, and the StarCraft
Multi-Agent Challenge (SMAC) (Samvelyan et al., 2019) along with its
successor SMACv2 (Ellis et al., 2023), an enhanced version that in-
troduces greater stochasticity and increased environmental complexity.
Fig. 4 illustrates representative scenarios from the two benchmark plat-
forms.

Matrix games. We first consider a two-agent matrix game, where
each agent has three discrete actions. As shown in Fig. 4(a), the opti-
mal joint action (A, A) yields a reward of 8, while the suboptimal joint
action (C, C) provides a reward of 7. The narrow margin of 1 between
the optimal and suboptimal strategies, combined with the fact that the
neighborhood around the optimal action is surrounded by penalizing re-
wards of —12, creates a challenging configuration in which exploratory
noise can easily drive algorithms into suboptimal local traps.

To further examine scalability, we extend the number of agents in
the matrix game from the original two to six and ten, enabling eval-
uation in larger cooperative scenarios. In addition, for the two-agent
setting, we enlarge the action space from 3 to 21 dimensions, with the
joint reward function defined in Eq. (47). The reward distribution is
illustrated in Fig. 4(c), where the joint action (u;,u,) = (5,15) corre-
sponds to the optimal reward, while (u,u,) = (15, 5) yields a suboptimal
reward.

A5-u))? (5 -u)?
9 9

R(u;, u,) = max <5— 0—(5—u1)2—(15—u2)2>.

(47)

SMAC. We also evaluate HIVE on SMAC (Samvelyan et al., 2019),
a widely adopted benchmark for cooperative multi-agent reinforce-
ment learning. Fig. 4(b) shows the challenging 2c_vs_64zg scenario,
where two allied units must coordinate to defeat a large number of
enemy units. In addition to the original SMAC, we further conduct
experiments on SMACv2 (Ellis et al., 2023), which enhances stochas-
ticity and partial observability by randomizing unit compositions and
starting positions, and adopting more realistic attack and sight ranges.
These modifications force agents to learn cooperative behaviors in pre-
viously unseen scenarios and increase the difficulty of decentralized
decision-making.

5.2. Experimental settings

To ensure fair comparisons and reproducibility, all baseline meth-
ods are implemented using the official publicly available code released
by the original authors, and their hyperparameters strictly follow the
standard settings reported in the corresponding original papers. For our
method, the number of hyperedges is set to 16 in most SMAC scenarios.
For the matrix game tasks, we set the number of hyperedges to 4 when
there are 2 agents; when the number of agents is 6 and 10, the numbers
of hyperedges are set to 8 and 16, respectively. For the AHC module,
the similarity threshold y is set according to the agent-type composition
of the scenario in SMAC/SMACv2: for scenarios without heterogeneous
agents, y is set to 0.6 (e.g., 5m_vs_6m and 6h_vs_8z), while for scenarios
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(a) Payoff of matrix game (b) 2c_vs_64zg scenario (¢) Reward distribu-

in SMAC

tion of 21-action ma-
trix game

Fig. 4. Experimental platforms. (a) Payoff matrices of the matrix game, (b) the 2c_vs_64zg battle scenario in SMAC, and (c) the reward distribution of the 21-

dimensional matrix game.

Table 2
Table of experimental setups.
Hyperparameters Value Description
batch size 32 number of samples per pass
discount factor y 0.99 future reward importance rate
optimizer Adam optimization algorithm for parameter updates

learning rate 0.0005 step size for updating model weights
max training step 2,000,000 number of training steps
target update interval 200 frequency of target network updates

exploration step 50,000 steps to decay exploration over time
epsilon start 1.0 starting value of exploration rate e
epsilon finish 0.05 final value of exploration rate ¢
test interval 10,000 interval for running evaluation during training
test episode 32 number of episodes per evaluation test
replay buffer size 5000 maximum episodes stored in memory
Table 3
Experimental hardware and system configuration.
Component Specification
Workstation Dell Precision 7810 Tower
Operating System Ubuntu 20.04.6 LTS (Kernel 5.15.0)
CPU Intel(R) Xeon(R) CPU E5-2630 v4 @ 2.20 GHz
CPU Cores / Threads 10 cores / 20 threads
Memory 256 GB RAM
GPU NVIDIA GeForce RTX 3090 (24 GB VRAM)
Motherboard Dell Inc. 0KJCC5

with heterogeneous agents, y is set to 0.4 (e.g., MMM2 and 1c3s5z). In
all matrix-game settings, y is fixed at 0.5. The main hyperparameters are
summarized in Table 2. In addition, the maximum number of training
steps is set to 50,000 for matrix games (Hu et al., 2025) and 2,000,000
for SMAC (Samvelyan et al., 2019).

All experiments were executed on a unified hardware and system
environment to ensure reproducibility and eliminate implementation-
related bias. The detailed hardware configuration and system environ-
ment are summarized in Table 3.

5.3. Baseline

We compare the proposed method with the following baselines:

QTRAN (Son et al., 2019) overcomes the structural constraints of
VDN (Sunehag et al., 2018) and QMIX (Rashid et al., 2020b), enabling
more general factorization and superior performance in tasks with ag-
gressive penalties for non-cooperative behavior.

QMIX (Rashid et al., 2020b) is a value-based multi-agent reinforce-
ment learning method that leverages centralized training to learn decen-
tralized policies by combining individual agent values in a monotonic
way, ensuring efficient off-policy learning and policy consistency.

QPLEX (Wang et al., 2021) proposes a multi-agent value function
factorization method based on a duplex dueling architecture, whose
core idea is to strictly satisfy the Individual-Global-Max (IGM) principle
through neural network architecture design, thereby enabling efficient
learning while preserving policy expressiveness.

VAOS (Li et al., 2024c) is a Multi-agent value decomposition stabi-
lization method that combines value averaging and operator switching
to reduce overestimation errors, theoretically proven to enhance learn-
ing stability while maintaining optimal policy learning capabilities.

HGCN-MIX (Bai et al., 2022) combines hypergraph convolutional
networks with value decomposition, leveraging hypergraphs to capture
how the observations and actions of other agents influence the decision-
making of a given agent.

GraphMIX (Naderializadeh et al., 2020) is a MARL framework that
uses attention-based GNNs to factorize team value functions into indi-
vidual agent policies with explicit credit assignment, enabling central-
ized training and decentralized execution.

SHAQ (Wang et al., 2022b) is an interpretable MARL algorithm based
on Markov Shapley value theory, which solves the Shapley-Bellman op-
timality equation for value factorization in global reward games, demon-
strating superior performance and theoretical consistency in multi-agent
tasks.

ResQ (Shen et al., 2022) is a MARL value factorization method based
on residual functions, which decomposes the joint value into a main
and a residual part, providing a unified framework for mean-value and
stochastic-value RL with theoretical guarantees for both IGM and distri-
butional IGM.

W-QMIX (Rashid et al., 2020a) is a weighted-projection extension of
QMIX that reweights joint-action targets during learning to overcome
monotonic mixing’s representational limitation and provably recover
the correct greedy action, leading to improved performance in coop-
erative MARL tasks.

5.4. Evaluation metrics

To comprehensively evaluate the effectiveness of our method, we
conduct experiments on both matrix games and the StarCraft Multi-
Agent Challenge (SMAC). For matrix games, the primary evaluation met-
ric is the average reward value, which directly reflects the agents’ ability
to maximize returns under different interaction settings. For SMAC, we
adopt several widely used metrics, including the median test win rate
(computed as the median over six independent runs to mitigate random-
ness) and the average episode length (measuring the temporal efficiency
of achieving objectives). However, these metrics mainly reflect whether
a task is successfully completed and how quickly it is achieved, focusing
on outcome-level and temporal efficiency. They do not explicitly charac-
terize how effectively agents coordinate during the process, nor do they
capture the cost-aware quality of cooperation underlying a successful
outcome.
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Fig. 5. Reward matrices of matrix games and value functions of approximately optimal policy. Bold text indicates greedy actions, red denotes correctly estimated

optimal actions, while blue represents incorrectly estimated ones.

To address this limitation, we propose the collaborative score,
a novel metric designed to quantify coordination quality by jointly
considering ally survivability and enemy elimination. Unlike the bi-
nary win rate, which cannot distinguish between a “pyrrhic vic-
tory” (high casualties) and a “flawless victory” (zero casualties), this
score serves as a normalized loss-exchange ratio. Specifically, as de-
fined in Eq. (48), the metric increases only when agents maxi-
mize enemy defeats while simultaneously preserving their own units.
This explicitly reflects the method’s ability to achieve victory with
minimal casualty costs, thereby offering a more granular and com-
plementary insight into collaborative effectiveness beyond standard
metrics.

1 E,
Score = % x <1 _ deaths) + l x deaths’ (48)

I 2 E

num num
where [eqihs and Egeqihs Fepresent the number of deaths of the allies and
enemies, respectively, and I, and E,,,, represent the total number of

allies and enemies, respectively.

5.5. Matrix game

We evaluate the approximation capabilities of different methods in
the matrix game. As shown in Fig. 5, We evaluate the approximation ca-
pabilities of different methods in the matrix game. As shown in Fig. 5,
most value-decomposition baselines (e.g., QMIX, QPLEX, VAOS, HGCN-
MIX, GraphMIX, and SHAQ) converge to suboptimal solutions, typically
preferring the suboptimal joint action (C,C) rather than the optimal
(A, A). In contrast, HIVE, QTRAN, ResQ, CW-QMIX, and OW-QMIX suc-
cessfully recover the optimal policy, all identifying (A, A) as the maxi-
mizing joint action (with Q,,, ~ 8.00, 7.98, 8.00, 8.15, and 7.99, respec-
tively).

Notably, although QTRAN is able to converge to the optimal policy,
its learned joint state-action value function Q,,, exhibits severe over-
estimation errors. This phenomenon is likely attributable to QTRAN’s
constraint relaxation mechanism, which tends to inflate value esti-
mates in complex action spaces. Similarly, CW-QMIX slightly over-

estimates the optimal payoff (8.15vs. 8.00), indicating that relaxing
monotonicity alone does not necessarily guarantee faithful value re-
construction. OW-QMIX, on the other hand, produces an almost unbi-
ased estimate at the optimum (7.99), but its value landscape remains
highly distorted for non-optimal joint actions (e.g., many entries col-
lapse to large negative values), suggesting that its weighting scheme
may trade off reconstruction fidelity for selecting the correct maximizing
action.

In comparison with ResQ, HIVE attains substantially lower recon-
struction error in the matrix game, reducing the mean absolute error
by nearly 50% (0.033 vs. 0.066) and the maximum error by about 70%
(0.08vs. 0.27). It also exhibits smaller deviations on neutral interac-
tions with true payoff 0, where the absolute error remains within 0.05
for HIVE but exceeds 0.11 for ResQ. Moreover, HIVE provides a more
faithful estimate of the suboptimal positive payoff at (C,C), yielding
6.96 as opposed to 6.73 for ResQ.

Fig. 6 presents the original reward distribution of the two-agent,
three-action matrix game together with those reconstructed by sev-
eral representative methods. HIVE’s reconstructed reward distribution
(Fig. 6(b)) preserves the highest structural similarity to the original ma-
trix, highlighting the effectiveness of our approach. ResQ (Fig. 6(d))
also produces a distribution almost indistinguishable from HIVE’s,
which confirms the consistency of their approximations in this sim-
ple matrix game. Nevertheless, unlike ResQ, HIVE provides a theoret-
ically grounded factorization through the hypergraph-weighted posi-
tion value, ensuring both allocation efficiency and the satisfaction of
the IGM principle. Therefore, HIVE exhibits superior performance over
ResQ when the number of agents increases and cooperative structures
become more complex, a trend that is reflected in larger-scale matrix
games with six or ten agents, which we will discuss later. By contrast,
Fig. 6(c) illustrates QTRAN’s severe value overestimation during pol-
icy learning. Although HGCN-MIX (Fig. 6(e)) incorporates hypergraph
structures, its graph-convolution-based mechanism does not meet the
necessary and sufficient conditions of the IGM principle, leading to
suboptimal capture of cooperative patterns. QPLEX (Fig. 6(f)) yields a
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distribution closer to the original matrix, but it struggles to con-
verge to the optimal solution due to the minimal reward gap between
strategies.

Subsequently, we extend the matrix game to scenarios with 6 and
10 agents, with results shown in Fig. 7. In the 6-agent configuration
(Fig. 7(b)), only HIVE converges to the optimal policy, while all other
algorithms settle on suboptimal solutions. These results demonstrate
HIVE’s ability to decompose state-action values with a small approxima-
tion gap. Thanks to the incorporation of hypergraph theory, our method
maintains performance as the number of agents increases, exhibiting
superior scalability compared to QTRAN. In contrast, ResQ, which con-
verges to the optimal solution in the two-agent setting, fails to retain this
property as the scale grows and only converges to a suboptimal policy
in the six-agent scenario. Similarly, CW-QMIX and OW-QMIX, although
they relax the monotonic mixing constraint of QMIX, they also fail to
converge to the optimal solution in both the 6-agent and 10-agent set-
tings. The performance degradation of these baseline methods as the
agent scale grows likely stems from their lack of mechanisms to cap-
ture higher-order dependencies, which become increasingly important
in larger-scale environments.

When scaling to 10-agent scenarios (Fig. 7(c)), the performance di-
vergence among methods becomes more pronounced. QTRAN fails to
achieve stable convergence, while GraphMIX and HGCN-MIX continue
to converge to suboptimal solutions, indicating that graph-based ap-
proaches are more robust to increasing agent populations. ResQ, bene-
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Matrix game rewards under three different configurations. Here, the x-axis represents the number of training iterations (x10%).

fiting from its residual correction mechanism, manages to converge but
only to a suboptimal solution, CW-QMIX and OW-QMIX also show a sim-
ilar trend. Notably, across all three matrix game configurations, HIVE
shows a significant convergence speed advantage: it converges within
an average of 2000 steps, whereas QTRAN requires around 17,000 steps.
This efficiency gain is attributed to the use of hypergraph-weighted Po-
sition value, which allows each agent to precisely evaluate the marginal
contribution of its actions to coalitions. As a result, our approach avoids
the local optimum traps that often hinder conventional methods during
policy exploration, thereby facilitating the discovery of globally optimal
collaborative strategies.

To further evaluate the expressive capacity of HIVE, we extend the
two-agent matrix game from a 3-dimensional to a 21-dimensional action
space. The results are shown in Fig. 8, where six representative methods
are visualized. HIVE (Fig. 8(a)) successfully attains the optimal solution
and produces a reward distribution that closely matches the ground-
truth distribution (Fig. 8(c)). This superiority arises from the fact that
HIVE is built upon a game-theoretic decomposition that not only satis-
fies but also establishes the necessary and sufficient conditions for the
Individual-Global-Max (IGM) principle (Theorem 2 provides the suffi-
cient condition, while Theorem 3 establishes the necessary condition),
ensuring theoretically sound and practically effective value factoriza-
tion. QTRAN (Fig. 8(b)) also identifies the optimal policy, but its esti-
mates exhibit severe overestimation, leading to large deviations from
the true distribution.
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Fig. 8. Reward distribution of the matrix game with 21-dimensional action space.

QPLEX (Fig. 8(d)) and ResQ (Fig. 8(i)) achieve optimal rewards
as well, but their guarantees are typically based on sufficiency rather
than a full characterization of the IGM condition. We further include
two WQMIX variants, CW-QMIX (Fig. 8(j)) and OW-QMIX (Fig. 8(k)).
Both variants can also converge to the highest-reward region, confirm-
ing that relaxing the monotonicity constraint improves expressiveness.
However, their learned landscapes still exhibit substantial discrepan-
cies away from the optimum: CW-QMIX tends to introduce noticeable
global warping/overestimation in non-optimal areas, while OW-QMIX
shows pronounced distortions with large flat regions and sharp spikes,
indicating that recovering the correct maximizer does not necessar-
ily imply faithful reconstruction of the full reward/value distribution.
Consequently, their approximations, despite reaching optimal rewards,
tend to be less stable and deviate more from the ground-truth distribu-
tion compared with HIVE. In contrast, HGCN-MIX (Fig. 8(f)) and SHAQ
(Fig. 8(h)) converge only to suboptimal rewards, yielding biased esti-
mates. The remaining baselines, including QMIX, VAOS, and GraphMIX,
display qualitatively similar patterns and are omitted for brevity. Taken
together, HIVE exhibits the highest fidelity to the ground-truth distri-
bution, with its Position-value-based hypergraph decomposition high-
lighting both theoretical rigor and superior expressive capacity relative
to all baselines.

5.6. SMAC
We further evaluate HIVE on the SMAC benchmark and its extension,

SMACvV2. For fairness, all algorithms are trained with identical hyper-
parameter settings and the same optimizer.

13

5.6.1. Performance analysis

As shown in Fig. 9, we evaluate HIVE and the baseline methods
across 12 different scenarios from both benchmarks. Each method is
run independently under 6 distinct random seeds. The results report the
median performance together with the inter-quartile range (25th-75th
percentiles).

HIVE achieved an average win rate of 87.5% across eight SMAC sce-
narios (Fig. 9(a)-(h)), outperforming the best baseline, ResQ (62.4%),
by 25.1 percentage points. It also converges faster and reaches higher
asymptotic win rates than all baselines, showing strong robustness and
scalability.

In the super-hard MMM2 scenario (Fig. 9(g)), which involves hetero-
geneous units and fine-grained cooperation, HIVE achieves 93%, while
HGCN-MIX reaches 83%. Both use hypergraph structures to capture
multi-lateral dependencies, but HIVE’s game-theoretic value decomposi-
tion further improves coordination and yields better performance. In the
6h_vs_8z scenario (Fig. 9(h)), HIVE obtains 75%, compared with 68%
for HGCN-MIX and GraphMIX. These results show that hypergraph- and
graph-based methods are effective in this setting, while other baselines
remain near zero. HIVE still leads HGCN-MIX by 7 points, confirming
the advantage of game-theoretic decomposition.

By contrast, methods that succeed in matrix games fail to scale to
SMAC. QTRAN converges to the optimal joint action in matrix games but
reaches only 14.3% on SMAC because of Q-value overestimation. ResQ
also achieves optimal policies in matrix games but struggles in complex
tasks, as it lacks mechanisms to capture higher-order dependencies.

Across the four SMACv2 scenarios (Fig. 9(i)—(1)), HIVE achieves an
average win rate of 84%, outperforming the best baseline, QMIX (56%),
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Fig. 9. Median Test winning rate for scenarios of SMAC and SMACv2. Here, the x-axis represents the number of training iterations measured in millions.

Table 6

Complexity-based estimated wall-clock training time (hours, mean + range) across selected SMAC

and SMACvV2 scenarios.

Method 3s_vs_5z 5m_vs_6m MMM2 terran_10_vs_10 protoss_10_vs_10 Mean

HIVE 304+29  29.1+28 39.8+3.8 67.7+6.6 69.5+6.8 473+46
GraphMIX 340+34 325+33 453+45 78.8+7.8 81.0+8.1 543+5.4
SHAQ 26.8+2.7 256 +2.6 356+3.5 62.0+6.2 63.8+6.3 42.8+43
QTRAN 26.1+26  25.0+25 347+34  603+6.0 62.1+6.2 41.6 £42
HGCN-MIX 293 +30 28028 39.0+39  67.7+6.8 69.6 +6.9 46.7+4.7
QPLEX 259426 247+25 344+34  599+6.0 61.5+6.2 41.3+4.1
VAOS 23.8+24  228+23 31.7+32  552+5.6 56.7+5.7 380+3.8
ResQ 245+25 234+24 326+32  56.7+5.7 584+5.9 39.1+3.9
QMIX 224423 22.0+23 309+3.0 53453 53.0+5.5 36.3+3.7
CW-QMIX 23.8+24  228+23 31.7+32  552+5.6 56.7+5.7 380+3.8
OW-QMIX 234+24 224+23 31.1+3.1 542+54 557+5.6 374+3.7
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Fig. 10. Visual comparison of the average game win rate, collaborative score, and average step length across some scenarios in SMAC and SMACv2.

by 28 percentage points. This shows that HIVE not only converges
faster but also scales more effectively than all alternatives, maintaining
strong performance across both small- and large-scale tasks. For exam-
ple, in the large-scale zerg_20_vs_20 scenario (Fig. 9(1)), HIVE achieves
a win rate of 80%, whereas the best baseline, ResQ, reaches only 56%,
and most other methods fall below 50%. This superiority can be at-
tributed to HIVE’s hypergraph game-theoretic structure: by employing
the hypergraph-weighted Position value, it not only captures higher-
order dependencies but also performs value decomposition that satisfies
the IGM principle, thereby enabling effective and stable coordination in
complex environments. The scenario involves 40 agents with dense and
overlapping interactions, which poses significant modeling challenges
and further highlights HIVE’s advantage in large-scale tasks.

Tables 4 and 5 present results on a broader set of SMAC and SMACv2
scenarios, respectively. Across both benchmarks, HIVE achieves the best
performance, confirming its robustness under varying levels of com-
plexity and stochasticity. The best-performing model in each scenario
is highlighted in bold, while the second-best model is underlined. Over-
all, HIVE consistently demonstrates strong performance, attaining the
highest average win rate of 87.25% across SMAC and SMACv2, which
corresponds to a 26.3% improvement over the best baseline, ResQ.

In the relatively simple and small-scale scenarios 2s3z and 3s5z,
HIVE’s performance is slightly lower—by 1% and 5%, respectively-than
the best-performing methods. This gap is likely due to the limited num-
ber of agents and the near-linear cooperative topology, where lower-
order interactions are sufficient to capture the key dependencies, re-
ducing the benefit of modeling higher-order hyperedges. Notably, in
another small-scale scenario, 2c_vs_64zg, HIVE achieves the best per-
formance. This scenario introduces complexity through a large number
of enemy units, where cooperation becomes more intricate and diffi-
cult to capture with simple local interactions. Here, HIVE’s hypergraph
mechanism effectively models higher-order cooperative relationships,
thereby demonstrating superior performance in complex strategic col-
laborations.

In Fig. 10, we present a radar plot comparing HIVE with baseline
methods on both SMAC and SMACv2 benchmarks, using three eval-
uation metrics: Win Rate, Collaborative Score, and Average Steps. In
Fig. 10(a), we compare performance across different scenarios. On av-
erage, HIVE achieves the highest win rate of 89.3%, outperforming the
best baseline, VAOS (67.2%), by 22.1 percentage points. We also eval-
uate advanced weighted value factorization variants, OW-QMIX and
CW-QMIX, which achieve average win rates of 63.4% and 58.0%, re-
spectively, while they exhibit strong performance in specific scenarios
like 1¢3s5z, HIVE maintains a clear advantage overall. This result high-
lights HIVE’s superior stability and generalization across different sce-
narios. As shown in Fig. 10(b), HIVE achieves the highest Collaborative
Score with an average of 0.76 across five scenarios, outperforming the
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best baseline, ResQ, which reaches 0.68, as well as OW-QMIX (0.648)
and CW-QMIX (0.611). This advantage indicates that HIVE optimizes
the loss-exchange ratio and effectively avoids pyrrhic victories, where
wins are achieved at the cost of heavy allied casualties. By actively pre-
serving unit health while maximizing enemy elimination, HIVE demon-
strates superior tactical coordination, particularly in complex scenarios
like protoss_10_vs_10, where it outperforms the best baseline (VAOS) by
19.06 percentage points. This substantial gap confirms that HIVE pro-
motes sophisticated cooperative behaviors, ensuring tactical efficiency
that standard win-rate metrics fail to capture. Finally, we evaluate the
average steps of HIVE and the baseline methods (Fig. 10(c)). HIVE, with
an average game length of 49.72 steps, achieves the most efficient coor-
dination, outperforming the best baseline, VAOS, which requires 53.15
steps, and demonstrating significantly faster task completion than OW-
QMIX (58.88 steps) and CW-QMIX (60.83 steps). Additionally, HIVE
shows a stronger advantage in game steps in the 1¢3s5z and MMM2
scenarios, where agents are highly heterogeneous. This result may be
attributed to the hypergraph-weighted Position value in HIVE, which
facilitates the capture of asymmetric agent interaction patterns.

5.6.2. Stability analysis

In Fig. 11, we present the return distributions of HIVE and several
baselines on three maps: SMAC (5m_vs_6m and 6h_vs_8z) and SMACv2
(terran_10_vs_10). HIVE achieves the highest average return (19.08) and
the lowest standard deviation (2.84) across all environments, indicating
that it attains high returns with low variance and thus exhibits notable
stability and robustness. We attribute this stability to two key theoret-
ical advantages of our framework. First, unlike heuristic graph-based
methods that may break consistency, HIVE enforces strict IGM consis-
tency (Theorems 2 and 3), which prevents the joint policy from oscillat-
ing among inconsistent local optima and thereby smooths the learning
process. Second, the game-theoretic credit assignment mechanism ef-
fectively reduces the variance of gradient estimation; compared with
implicit mixing networks, HIVE allocates marginal contributions more
fairly, further stabilizing the value decomposition procedure.

On the small and medium scale maps (5m_vs_6m and 6h_vs_8z), HIVE
and SHAQ are the most stable. Specifically, HIVE attains average returns
of 18.56 and 19.56 with standard deviations of 3.36 and 1.88, respec-
tively, while SHAQ achieves standard deviations of 4.33 and 2.20, both
lower than those of HGCN-MIX (5.06) and VAOS (4.94). This suggests
that incorporating game-theoretic modeling into value decomposition
helps better capture the relationship between individual and global val-
ues, thereby reducing training variance and improving stability in co-
operative tasks. On the larger and more complex terran_10_vs_10 map,
HIVE shows the strongest robustness, followed by HGCN-MIX; their av-
erage return/standard deviation are 19.13/3.27 and 9.30/4.71, respec-
tively, both better than ResQ (6.07) and SHAQ (5.92). These results
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Fig. 12. Visualization results in SMAC scenarios. The circles denote the hyperedges among agents. The colors of the circles are purely for visual distinction without
any specific meaning. Additionally, for better clarity and intuitiveness, we do not draw all hyperedge connections but selectively display only the crucial ones.

further indicate that, as the number of agents increases and coopera-
tion becomes more complex, hypergraph structures can better model
higher-order dependencies, enabling a more accurate characterization
of multi-hyperedge interaction relationships and improving robustness
in large-scale cooperation.

5.6.3. Visualization of learned hyperedges

To investigate whether the learned hyperedges can capture mean-
ingful cooperative patterns, we conduct a qualitative visual analysis of
the dynamic interactions in representative SMAC scenarios (1c3s5z and
MMM?2) in Fig. 12. The results demonstrate that the key hyperedge
structures generated by the model closely align with the high-order
tactical maneuvers of human players. Specifically, in the 1¢3s5z sce-
nario, hyperedges precisely encapsulate agents executing specific tac-
tical intents: front-line damage-absorbing units and back-line damage-
dealing units are partitioned into separate hyperedges during “Kiting”
and “Draw Fire”, while flanking units are dynamically clustered during
“Pincer Movement” and “Ambush”. This successfully decomposes the
global task into local high-order cooperative structures. Furthermore,
in the heterogeneous MMM2 scenario, role-based coordination is re-
markably precise. Medivacs and injured units are frequently and sta-
bly connected during “Healing”, while units attacking the same target
are jointly encapsulated during the “Focus Fire” and “Hunting Down”
phases. This proves that the model not only learns to allocate interaction
structures based on heterogeneous roles but also effectively concentrates
firepower resources at critical moments.

5.6.4. Wall-clock training time

As shown in Table 6, we report the complexity-based estimated wall-
clock training time (hours, mean + range) of different methods across
selected SMAC/SMACvV2 scenarios. The training time increases notice-
ably with the scenario scale: small-scale scenarios (e.g., 3s_vs_5z and
5m_vs_6m) typically take around 20-35 hours, while larger and more
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complex scenarios (e.g., terran_10_vs_10 and protoss_10_vs_10) require
about 50-80 hours, indicating that the overall cost is mainly driven by
scenario complexity.

From a method-wise comparison, HIVE has an average training time
of 47.3 + 4.6 hours, which is slightly higher than QMIX (36.3 + 3.7) and
QPLEX (41.3 +4.1), consistent with the additional computation intro-
duced by our structural modeling and cooperation-aware information
integration modules. Meanwhile, HIVE remains lower than the heavier
GraphMIX (54.3 + 5.4) and is comparable to HGCN-MIX (46.7 + 4.7), sug-
gesting that although our method is indeed somewhat slower, its over-
all complexity still falls within the typical range of mainstream graph-
structure-based MARL methods.

Note that wall-clock time also depends on the underlying hardware
and system environment. Thus, we report the workstation configuration
in Table 3 for reproducibility and fair comparison.

5.7. Ablation study

5.7.1. Hyperedge number ablation

To investigate the impact of the number of hyperedges on HIVE, we
conducted experiments in several scenarios from the SMAC benchmark
and its more challenging extension, SMACv2, as well as matrix games, as
shown in Fig. 13. We tested five settings for the number of hyperedges:
2, 4, 8, 16, and 32. The results show that performance peaks at 16 hy-
peredges in most scenarios. In contrast, for smaller-agent settings such
as 2c_vs_64zg and 4m_vs_Sm, optimal performance is already achieved
with only 4 and 8 hyperedges, respectively. Since the theoretical max-
imum numbers of hyperedges in these two tasks are 3 and 15, further
increasing the hyperedge count to 16 or 32 inevitably introduces redun-
dancy. Nevertheless, HIVE’s performance remains stable, which can be
explained by its satisfaction of the hyperedge redundancy payoff invari-
ance (Theorem 1).
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Fig. 13. The impact of the number of hyperedges on HIVE performance in the SMAC environment (including SMACv2 configurations) and matrix games. Here, M6
and M10 denote extended versions of the matrix game: M6 represents a scenario with 6 agents and an action space of 3, while M10 involves 10 agents.

Furthermore, in scenarios such as zerg_20_vs_20 and MMM2, which
involve larger agent populations and greater heterogeneity, we observed
that optimal performance is achieved with 16 hyperedges. Even though
the theoretical maximum number of hyperedges is not reached at 32,
increasing the number beyond 16 does not produce noticeable perfor-
mance fluctuations. Similar patterns are observed in the matrix game
experiments (Fig. 13(b)) with 6 and 10 agents. When the number of
hyperedges is 2, HIVE converges to the third-best joint reward (6) in
both cases. As the number of hyperedges increases, the model reaches
the optimal joint action and attains the maximum reward (8) once
the hyperedge count reaches 8 or 16. Further increases, although still
below the theoretical maximum, bring no additional performance gains.
Overall, these results indicate that 16 hyperedges are generally suffi-
cient to capture agent interactions effectively, while larger values yield
negligible improvements.

From a training perspective, m mainly controls the structural cover-
age (i.e., how many candidate interaction groups can be instantiated)
of the constructed hypergraph. When m is too small, HIVE may under-
cover critical interaction patterns, leading to insufficient modeling ca-
pacity and slower or suboptimal convergence. Once m is large enough to
cover the dominant coordination structures (e.g., m = 16 in most scenar-
ios), further increasing m primarily introduces redundant hyperedges;
due to the Redundant Hyperedge Payoff Invariance (Theorem 1), such
redundancy does not change the optimal solution and thus yields negli-
gible performance gains, while increasing the computational overhead
in practice. Based on this observation, we adopt m = 16 as the default
setting across SMAC/SMACv2 and matrix games, while using smaller
m for small-agent scenarios where the interaction space is inherently
limited.

5.7.2. Hyperparameter sensitivity analysis

To investigate how the similarity threshold y in the AHC module
affects the hypergraph topology and the resulting cooperative perfor-
mance, and to validate its robustness under different task properties, we
conduct a sensitivity analysis on four representative scenarios (MMM2,
6h_vs_8z, terran_10_vs_10, zerg_20_vs_20). As shown in Fig. 14, the hy-
pergraph sparsity is strongly and negatively correlated with y: as y in-
creases from 0.2 to 0.9, the average hyperedge degree (i.e., the aver-
age number of agents contained in each hyperedge) consistently de-
creases across all scenarios. When y > 0.8, the average degree gener-
ally degenerates to around 1.0, indicating that an overly large threshold
compresses hyperedges into near-singleton ones, thereby weakening the
ability to capture higher-order dependencies. The performance curves
are highly consistent with this topological change, suggesting that a
moderate threshold achieves a better trade-off between topology and
performance. In most scenarios, y € [0.4,0.6] yields optimal or the most
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stable win rates (e.g., MMM2, terran_10_vs_10, and zerg_20_vs_20 peak
around y = 0.4), whereas an excessively large y that causes degree de-
generation often leads to a notable performance drop, confirming that
over-sparsification can disconnect necessary coordination links. More-
over, task properties significantly affect the sensitivity to sparsity. In the
homogeneous scenario 6h_vs_8z, where units share the same function-
ality and rely more on group-level synchronization, the model is par-
ticularly sensitive to connectivity: increasing y from 0.6 to 0.8 quickly
degenerates the average hyperedge degree from 3.125 to 1.0, accom-
panied by a sharp win-rate decline from 0.75 to 0.30. In contrast, for
heterogeneous scenarios (e.g., MMM2 and zerg_20_vs_20), a moderately
sparse topology is more beneficial for emphasizing critical cross-role in-
teractions while suppressing ineffective couplings, thus leading to better
stability and robustness under moderate y settings.

To determine an appropriate number of Monte Carlo sampling it-
erations K, we conduct an ablation study with different K values. As
shown in Fig. 15, K =10 achieves the best overall performance on both
MMM2 and zerg_20_vs_20, exhibiting faster convergence, higher final
win rates, and a narrower interquartile range (shaded area), which in-
dicates a better trade-off between contribution-estimation accuracy and
training stability. In contrast, with fewer samples K =5, the algorithm
becomes markedly less stable and learns more slowly. This is partic-
ularly evident in MMM2, where the blue curve remains at a low win
rate for an extended period and shows substantially larger variability
(wider shading). These results suggest that insufficient sampling yields
a noisy approximation of the counterfactual baseline, leading to high-
variance gradient estimates that undermine reliable credit assignment
and hinder effective policy optimization. On the other hand, increasing
the sampling budget K = 20 can reduce estimation variance and slightly
improve late-stage stability, but the gains do not justify the additional
computational cost. Specifically, more samples per update reduce the
number of effective optimization steps per unit time, resulting in lower
training efficiency and slower performance improvement, with win-rate
growth lagging behind K =10 under the same training budget.

5.7.3. Component ablation

To evaluate the approximation ability of the neural network for each
module, we conduct ablation studies in both the SMAC and matrix game
environments, as shown in Fig. 16. Here, HIVE represents the full model.
w\o GBI denotes the removal of the GBI module, and w\o DCI denotes
the removal of the DCI module. w\o G&D removes both GBI and DCI
modules. In this case, HIVE degrades to Q,,, = },,c » Q;, which is equiv-
alent to the traditional VDN (Sunehag et al., 2018) method.

Fig. 16(a) presents the ablation results of the SAMC environment
under four scenarios. Removing GBI reduces the average win rate
by 22.75%, while removing DCI causes a much larger drop of 52%,
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Fig. 14. Sensitivity analysis of the similarity threshold y in the AHC across four representative scenarios. The horizontal axis represents the value of y ranging from
0.2 to 0.9. The left vertical axis (red solid line) denotes the Median Test Win Rate, indicating the collaborative performance. The right vertical axis (blue dashed line)
denotes the Average Hyperedge Degree, reflecting the sparsity/density of the generated hypergraph topology.
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Fig. 17. Optimizer ablation on HIVE under Adam and RMSprop.

exceeding the impact of GBI by 29.25%. This may be because DCI
captures higher-order cooperative structures through hypergraph game
theory, making it a critical component for performance improvement.
Although eliminating GBI renders the HIVE framework theoretically
incomplete, the system still preserves partial cooperation due to the
presence of DCI. When both GBI and DCI are removed, the win rate
declines by 60.38%, confirming the necessity of both GBI and DCI for
enhancing multi-agent cooperation modeling.

Fig. 16(b) shows the ablation results in the matrix game with dif-
ferent numbers of agents, where M2, M6, and M10 represent scenarios
with 2, 6, and 10 agents, respectively. All ablation settings—w\o DCI,
w\o GBI, and w\o G&D-significantly reduce the final reward perfor-
mance and often lead to training instability or convergence to subop-
timal policies. This is because HIVE theoretically decomposes the joint
state-action value function Q,,, into Q;, (ﬁﬁ ,and @gg. These components
are approximated by the agent network, GBI, and DCI, respectively. Re-
moving any of these modules disrupts this theoretical foundation, ulti-
mately preventing the model from converging to the optimal solution.

5.7.4. Ablation study on optimizer choices

To quantitatively evaluate the impact of optimizer selection, we
compare the performance of HIVE trained with Adam and RMSprop in
Fig. 17. Adam yields consistently higher final performance and faster
convergence across all scenarios. In 5m_vs_6m, HIVE-Adam converges
to approximately 0.82, outperforming HIVE-RMSprop (0.74) with a
relative improvement of 8%. In terran_10_vs_10, the performance gap
widens further to around 15%, demonstrating a more prominent advan-
tage in large-scale scenarios.

Furthermore, HIVE-Adam achieves faster early-stage learning and
narrower interquartile ranges, implying more stable training dynamics.
These results verify that optimizer selection exerts a non-negligible in-
fluence within the PyMARL framework. Nevertheless, HIVE maintains
stable convergence trends with both optimizers, which demonstrates
that our proposed method is not optimizer-specific and can benefit from
the superior optimization efficiency of Adam.

6. Conclusion

In this paper, we propose HIVE, a hypergraph-based game-theoretic
interactive value decomposition engine for multi-lateral agent coopera-
tion. HIVE decomposes the joint state-action value function into three
components: individual state-action values, a global cooperative base-
line, and a dynamic cooperative residual. This decomposition is sup-
ported by the hypergraph-weighted Position value, which guarantees
allocation efficiency through an existence theorem and ensures payoff
invariance under redundant hyperedges. We further prove that HIVE
provides both sufficient and necessary conditions for the IGM princi-
ple. To make this decomposition trainable in practice, we design the
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global baseline integrator and dynamic cooperation integrator modules,
together with an attention-based hypergraph constructor that captures
high-order dependencies and provides topological support. Experiments
on SMAC, its SMACv2 extension, and matrix games show that HIVE con-
sistently outperforms strong baselines, achieving an average win rate of
87.25% and converging to optimal joint actions while better fitting the
reward distribution, thereby demonstrating the effectiveness of HIVE.

HIVE thus offers a principled solution for cooperative multi-agent
tasks, demonstrating outstanding performance in multi-lateral collab-
oration scenarios. In future work, we plan to extend HIVE to cross-
domain distributed decision-making problems, such as heterogeneous
unmanned aerial vehicle 3D formation control and multi-type robot
swarm coordination, to further investigate the scalability and robust-
ness of hypergraph-based MARL in highly dynamic environments.
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